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Abstract: This report describes the properties

of a three-layer distributed RC network consisting
of two resistive layers separated by a dielectric
which may be used to realize two zeros of trans-
mission on the jw axis of the complex frequency
plane. The relative location of the two zeros is
controlled by the location of a contact placed on
one of the resistive layers.
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A Three-Layer Distributed RC Network

with Two Transmission Zeros

I. Introduction

This is one of a series of reports describing the
use of digital computational techniques in the analysis
and synthesis of DLA (Distributed-Lumped-Active) net-
works. This class of networks consists of three dis-
tinct types of elements, namely distributed elements
(modeled by partial differential eguations), lumped
elements {(modeled by algebraic relations and ordinary
differential equations), and active elements (modeled
by algebraic relations). Such a characterization is
especially applicable to a broad class cof circuits,
especially including those usually referred to as
linear integrated circuits, since the fabrication
techniques for such circuits readily produce elements
which may be modeled as distributed, as well as the
more conventional lumped and active ones. The net-
work functions which describe distributed elements,
however, involve hyperbolic irrational functions of
the complex frequency variable. The complexity of
such functions make the use of digital computational
techniques most desirable in analyzing and synthesizing
these networks.

In this report we shall consider the application



of such digital computational techniques to the analysis
and synthesis of a three-layer distributed network ele-
ment. It will be shown that such an element can be de-
signed to have a pair of transmission zeros, and that
the location 6f the values of these zeros may be adjusted
by properly choosing the network parameters. Thus, in
many applications, a single three-layer distributed RC
network may be used to replace two twin-tee lumped ele-
ment circuits which would normally require a total of
twelve lumped elements: This makes the three-layer
distributed RC network especially valuable for the case
where a low-pass network with high-attenuation of multi-

ple harmonic frequencies is required.

I1. The Three-Layer Distributed RC Network

A three-layer uniform distributed-RC network as
analyzed in this report, consists of two layers of re-
sistive material separated by a layer of dielectric
material. As shown in Fig. 1, such a network may be
considered as a three-terminal network element by adding
three conducting termina; strips, two across the ends
of one of the resistive layers, and one across the mid-
region of the other resistive layer. The network may
be characterized schematically as shown in Fig. 2, in

which R is the total resistance of the resistive layer
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with two terminals, NR (where N is a positive constant
of proportionality) is the total resistance that is
measured between the ends of the resistive layer with
the single terminal (if terminal strips were provided
at the ends), and C is the total capacitance that
exists between the two resistive layers. Because of

the assumption that the distributed resistance and

capacitance are uniform, i.e., R and C are constant
rather than being functions of position, the network
shown in Fig. 2 may be modeled as a cascade connection
of two uniform distributed RC networks connected in
cascade as shown in Fig. 3. In this figure, the con-
stant K has been defined to indicate the relative
position of the terminal strip on the single-terminal
resistive layer. For example, for K equals zero, the
terminal strip is at the left end of the network shown
in Fig. 1, and for K equals unity, it is at the right
end. The z-parameters of the separate distributed

networks shown in Fig. 3 are specified by the following

equationsl
bt 1 N KO N+1 N o+ 1 ]
N+1(K6-2tanh>7) + tanhKg tanhK® sinhKo
- (1)
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where the quantity M is defined as

M= 1-K (3)

and the quantity 6 has the value
§ =/pRC (N+1)

From the parameters given in (1) and (2), the open-cir-
cuit voltage transfer function T(p) = v3(p)/v1(p) (for
I3(p) = () for the three-layer distributed RC network
is readily shown to be

1 8
T(p) _ (NcothKo + —sTn—h—K-é-) {NcothM@8 + m) (5)

3
(NK8-2Ntanhtl + N+1)

AN#L) N 1
2 tanhkK®

2
(cothKf + cothMB)-(tanhxe'gInhKe)

This relation may be put in a form more amenable to
computation by making manipulations that will make each
term in the equation single-valued. To do this we first
multiply the numerator and denominator by the quantity

sinh2K6 sinhM0

5 (6)

and apply the identities



coshx - 1

X
tanhs = ==.7hhRx {H
sinhx coshy + coshx sinhy = sinh(x+y) (8)

The resulting voltage-transfer function is

sinh6

(9)

~g —(NcoshK® + 1) (NcoshMé + 1)
T(p) = —
STOR0 (ycq7 SIOBKS | (v2,1) cosnkesan] - ﬁ%‘ﬂmcoshmﬂ)z

This function will form the basis for the analysis of

the three-layer distributed RC network which is described
in the following sections. It is readily shown that

for varying values of K (except K equal to 0.5) the

two networks shown in Fig. 2 will produce transmission
zeros at different frequencies, since varying K effectively
constitutes different frequency normalizations for each
network. In addition, second network has a loading
effect on the first. Thus, the exact determination

of the location of the two transmission zeros is most
conveniently performed by a digital computer optimiza-

tion process'as described in the following section.

11I. The Transmission Zeros of the Three-Layer Distri-
buted RC Network

The determination of the properties of the three-

layer distributed RC network is accomplished by the use

|



of the GOSPEL optimization program described in a
previous report.2 Since we are concerned with the
transmission zeros of this network, the technique of
complex optimization also described in a previous re-
port will be used to facilitate the analysis.3 As docu-
mented in the above references, the first step in such
an application is the preparation of a subroutine named
ANLYZ which determines the magnitude of the network
function at a given complex value of the frequency
variable p. Such a subroutine providing an algorithm
for the relation of (9) is shown in Fig. 4. In this
subroutine, the constant K (CAY) is treated as a func-
tional parameter H(1l), and the imaginary part of the
complex frequency variable p is treated as the variable
X(l) whose value is to be found. Thus, since the real
part of p is specified as zero, the parameter X(1) is
the value of sinusoidal frequency (in rad/sec) at which
the zero of transmission occurs, i.e., at which the
value of the magnitude of the network transfer function
as computed as the variable G(1l) is minimized by the
optimization strategy. It should be noted that a value
of 0.086266738 is used for the value of N (the program
variable is EN) which is used to ensure that a zero

occurs on the jw axis. This value is appreciably dif-
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ferent than the value of 0.0866 which is reported in
the literature.l For a value of K equal to 0.5, the
two networks shown in Fig. 3 are identical. Such a
cascade produces a second-crder transmission zero in
the voltage-transfer function T(p) of (9). The loca-
tion of this zero, for normalized values of unity for
the total resistance R (of the two lines), and for the
total capacitance C (of the two lines) is 72.687558
rad/sec. This value was determined using a Fletcher-
Powell optimization algorithm to minimize the magnitude
of T(p). At the stated value of the zero, the magni-
tude of T(p) is approximately 3.5 x ! Rl

To determine the effect of varying K on the posi-
tion of the zeros of T(p), a series of 96 optimization
problems were run using the same Fletcher-Powell opti-
mization algorithm to determine the values of the zero
locations for a sequence of values of K at 0.0l inter-
vals from 0.03 to 0.5. The tabulated results are shown
in Fig. 5. This figure also shows the ratio of the
zero-locations for the various values of K. The total
computer time required for the 96 optimization runs
was less than 10 sec. on a CDC 6400 computer. It
should be noted that these values are for normalized
values of unity for R and C, the total distributed re-

sistance and capacitance. A plot of the zero locations
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as a function of K is shown in Fig. 6. A plot of the
ratio of zero locations as a function of K is shown in
Fig. 7. This latter figure is particularly appropriate
as a design chart for specifying the parameters of the
network when harmonic frequency components are to be
filtered out.

To investigate the frequency response of the
three-layer distributed RC network, a series of evalua-
tions of the subroutine ANLYZ given in Fig. 4 were
made for a logarithmically spaced set of values from
10 to 1000 rad/sec of the frequency parameter X(1)
using this parameter as an independent variable, and
specifying values of 0.2, 0.3, 0.4, and 0.5 for the
functional parameter H(l) which represents the constant
K. The results are shown in Fig. 8. The manner in
which the single zero (for K equal to 0.5) separates
into two zeros, and diverges is readily apparent in
the figure. The low-pass nature of the resulting
characteristic is also easily seen.

A final investigation which is pertinent to the
analysis and use of the three-layer distributed RC
network is the relative gselectivity of the trans-
mission notches. A set of curves specifying the
width of the notches of the lower and upper trans-

mission zeros of the network for values of K of 0.2,
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0.3, 0.4, and 0.5 are shown in Fig. 9. For convenience
in comparing these results, all the curves are plotted
over a linear frequency range from 0.95wO to l.OSwo
(plus and minus five percent of wo) where w, is the
zero location. From these curves, the interesting
result is observed that the normalized selectivity of
the lower notch narrows as the value of K is decreased.
The normalized selectivity of the upper notch, however,

remains constant.

IV. Conclusion

The three-layer distributed RC network described
in this report should have considerable application
in a variety of filtering problems. As a low-pass
network which may be adjusted to provide high attenua-
tion of the harmonic components of a given periodic
signal it has the advantages of circuit simplicity,
ease of design, and minimization of space required.
Considerable additional application of this network
is possible as a feedback element in an active net-
work. As such, it has the capability of generating
a set of four complex-conjugate poles so as to pro-
vide wide-band bandpass performance. In such a usage,
the ratio of the resistances of the two resistive
layers as specified by the value of N, would have to

be determined so as to move the transmission zeros of

14
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the distributed network into the left-half plane.
Additional research is currently being conducted to
determine the design specifications for such an appli-

cation.
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